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Abstract.- Let Ai e i v be the moduli space of (1, ll)-polarized abelian surfaces with a canonical level structure. Let 
^ ' x be a primitive character of order 5 with conductor 11. In this paper we construct five endoscopic lifts IL, ^ i ^ 4 

. from two elliptic modular forms f ® x % °f weight 2 and g ® \ % °f weight 4 with complex multiplication by Q(v— TT) 

such that ILoo gives a non-holomorphic differential form on A\\ for each i, ^ i ^ 4. Then their spinor L-functions 
are of form L(s — 1,/ ® \ 1 ')L{s,g Cg) x 1 ) such that L(s,g <g> x*) does not appear in the L-function of AfY f° r any i, 
^ i ^ 4. The existence of such lifts is motivated by the computation of the L-function of Klein's cubic threefold 
, which is a birational smooth model of AiT- 

• 1. Introduction 

-i— > 

Let Aft be the moduli space of (1, ll)-polarized abelian surfaces with a canonical level structure 
(see [13] for details) . It is obtained as a quotient of the Siegel upper half plane H2 by the arithmetic 
subgroup K(ll) lev in the symplectic group Sp 2 (Z) C GL^Z) (see Section 3 for the definition of 
K(ll) lcv ). The congruence subgroup 

r(ll) := {7 e Sp 2 (Z) I 7 = 1 4 mod 11} C Sp 2 (Z) 

^ \ is a normal subgroup of 0K(ll) lev 0- 1 where g = diag(l, 1, 11, 11). Then we have the Galois covering 

tt : S r(11) := r(ll)\H — >• Aft of moduli spaces with the Galois group G := ^K(ll) lcv 5 ^ 1 /r(ll). 
Since T(ll) is torsion free, S'r(ii) is a quasi-projective smooth variety. On the other hand, K(ll) lev 
has many torsion points, so Aft is a quasi-projective variety but it has many quotient singularities. 
We can view these moduli spaces as varieties defined over Q if we consider the level structure etale 
locally (cf. |22j). Note that it is easy to see that canonical models of these varieties are both defined 
^ . over Q(^ 11 2). This fact follows from the moduli interpretation and a basic knowledge of Weil pairing. 

In [9], Mark Gross and Popescu determined a birational smooth model X of Aft by a significant 
method. More precisely they constructed a birational map Aft — > X over Q where X is defined 
by a simple equation in projective space Pq: 

X : xfai + x\ X2 + X2X3 + x|x4 + = 0. 

The variety X is called Klein's cubic threefold. Since X is a smooth cubic threefold (hence a Fano 
threefold), it has Hodge numbers 

h°>° = 1, h 1 ' = h ' 1 = h 2 >° = h°> 2 = h 3 >° = h°> 3 = 0, h 1 ' 1 = 1, h 2 ' 1 = h 1 ' 2 = 5. (1.1) 
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In particular, we see that the local L-factor of X is of degree 10. 

In this paper we first compute the L- function of X. As a result we have: 

Theorem 1.1. Let £ be a prime number. Let f be the elliptic modular form of weight 2 for ro(ll 2 ) 
with complex multiplication by the ring of integers of Q(y— TT). Let x be a primitive character of 

4 

order 5 with conductor 11. Then we have L(s, H^ t (X-Q, Qe)) = L(s — 1, /® y*)- In particular, the 

i=0 

left hand side is independent to any choice of i. 

By Theorem 1.1 and the Hodge type of X, it is quite natural to predict the existence of non- 
holomorphic differential forms on A^i of Hodge type (2, 1) of which corresponding automorphic 
forms on GSp2(A) are liftings related to the elliptic modular form / (we will discuss on the (l,l)-part 
in another paper). In a similar situation, in [28], authors treated a unique holomorphic differential 
3-form on some Siegel threefold. Since the space of holomorphic 3-forms is a birational invariant, 
we can study this form by using an explicit birational model of the Siegel threefold in [28]. In this 
paper we treat non-holomorphic differential forms. However their space is not a birational invariant. 
Therefore we cannot directly construct non-holomorphic differential forms on A l fi from them on X. 
Note that since H 3,0 (X) = 0, there does not exist any holomorphic differential 3-form on A l fi which 
extends to one on any birational smooth model of A^. So this case will give a first and fascinating 
example to spur authors on an explicit construction of non-holomorphic differential forms of which 
corresponding automorphic forms on GSp2(A) are liftings related to the elliptic modular form /. 

We now explain the second main result. Let \i be the grofiencharacter of K = Q(v— TT) asso- 
ciated to / and g be the elliptic modular form associated to /U 3 . Note that g is of weight 4 and of 
level ll 2 . Then we have: 

Theorem 1.2. (Theorem 3.2) There are irreducible, cuspidal, automorphic, globally generic repre- 
sentations Tli,0 ^ i ^ 4 of GSp 2 (A) with Ui i0 o being a discrete series whose Blattner parameter is 
(3, —1). Each Hi satisfies the following properties: 

(i) There is a non-zero right K(ll)^ v -mvariant automorphic form Fi G Hj. 

(ii) The spinor L-function of Hi is L(s,iTf® x l )L(s, ir g <S> y 1 ); where ixt (resp. 7T g ) is the unitary irre- 
ducible automorphic representation attached to f (resp. g). (see Novodvorsky \24] for the definition 
of the spinor L-function of a generic representation). 

The strategy of the construction of is as follows. In our case, by combining several facts, we 
guess that is a weak endoscopic lift in the sense of [33] . By results of Kudla, Rallis, and Soudry 
[TT] . and Roberts [32], we know that such is given by a 0-lift @(tti M 7^) of a pair (tti,tt2) of 
two irreducible cuspidal automorphic representations of GL2(A) (Here we identify (tti,^) with an 
automorphic representation of GSC>2,2(A)). It is natural to guess that ix\ should be 7rj (g> y\ We also 
have to find a candidate of tt2- After trial and error (but there is no precise evidence) we decide 
^2 = Kg <8> X % an d by choosing a suitable Schwartz-Bruhat function for the #-lift, realize a non-zero 
right K(ll)^ v -invariant vector Fi G 6((tt/ <g> x l ) ^ ® X 1 )) i n Theorem 1.2. 

We should discuss a comparison of differential forms and L-functions between X and A^j. Let 
#cus P (^i7> c ) be tne cuspidal part of the Betti cohomology H 3 (Afi,C) (see Section 4). Then by 
combining above two theorems, we have: 

Theorem 1.3. The notations being as above. Let Ei be the elliptic curve attached to f ® x % f° r 
each i £ {0, 1, 2, 3, 4}. We fix a non-zero holomorphic 1-form oji on E^. 
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(i) There exists a linear map H^ R (X C ) ~ (J) H^ R (E ic x P^) — > ^cusp^iT) Q which is injective 

and preserves the Hodge structure. Here the second map is given by oji ® A \- > F^, cJi A i— >• i 7 ^ 
where A is a generator of i/ 1,1 (P^). 

(h) for any i, the L-function of Hi, more precisely ir g ® x 1 does not contribute to the L-function of 
the parabolic cohomology H 3 t [(A^iq, Qi) defined by the image of the natural map from the l-adic 
etale cohomology with compact support H 3 ttC (A^Q,Qe) to H 3 t (A l ±iQ;,Qe). 

Recall that is a singular variety. So we do not know a priori whether H 3 t \(A:^Q,Qi) is 
pure of weight 3. We check this as follows. With the notations of the begining of the introduction, 
we have by transfer theorem, 

hI c (Auq,®z) ^ H 3 cttC (S r{im ,Q e ) G ^ Hl jC (S T{im M- 

It is easy to see that this map is compatible with the pull-pack tt* . Note that tt* is injective because 
7r is a finite map. Hence H 3 t \(A^q, Qe) is a Gal(Q/Q)-submodule of H 3 t [(Sj^n)^, Qe). Since Sr(n) 
is smooth, by Corollaire (3.3.6) of [5], the cohomology H 3 t |(<St(h)q) Qi) is pure of weight 3 and so 
™ H^iA^Qe). 

Remark 1.4. Theorem 1.3-(i) does not make sense if we do not tell about Q-Hodge structures or 
period Lattices in those cohomologies. The period lattice H 3 (X, Z) is determined by Roulleau \34jj . 
If we determine Hi(A^,Z) and show that it is quasi-isomorphic to H 3 (X,Z) under the map of 
Theorem 1.3-(i), we will be able to prove that L(s, H 3 t (X-£, Qi)) occurs in L(s, H 3 t [(Arfij^, Qi)) for 
some number field L. 

Let Ta be an open compact subgroup of GSp 2 (A) such that T := Ta H Sp 2 (Q) is an arithmetic 
subgroup of Sp 2 (Q) (not necessary torsion free). Let us denote by Sr = r\HI 2 the corresponding 
Siegel modular threefold. Let C a ^ be the local system over Sr associated to an irreducible represen- 
tation L a & over C of Sp 2 (M) with dominant highest weight (a, b) with a ^ b ^ (we assume that 
L at b comes from an irreducible algebraic representation of Sp 2 ). Take a Galois cover ir : Sr> — > Sr 
with the Galois group G so that Sr' is a hne moduli space. Then we can define the (^-adic) etale 
local system C c ^ b on Sr' associated to L a ^ by using the Hodge bundle on 5p' (cf • Section 1 of [44J ) . 
Let Gr^ 7 H^ ctti (Src, £a,b) De the graded quotient of degree three of a mixed Hodge structure on 

In what follows, we will discuss our results with known results or conjectures about irre- 
ducible cuspidal automorphic representation n of GSp 2 (A) which arises from a differential form 
of GrJj H 3 etti (SrCi £a,b)- Assume that n = ® v Ii v is weakly equivalent to a representation of mul- 
tiplicity one. Let Ln be the set of irreducible cuspidal automorphic representations n' = V H' V of 
GSp 2 (A) such that every IL' V belongs to the local L-packet of n„ for each place v of Q. See [6] and 
|29j for the definition of the local L-packet. By Theorem 2.1 of [25], if IT' £ Ln, then nJ x3 |s P2 or 
n^ |gp 2 is the holomorphic discrete series representation with Blattner parameter (a + 6+3, a + 6+3) 
or the non-holomorphic discrete series one with Blattner parameter (a + 3, —b — 1) which is generic. 
For a n' e Ln, let 

cr(n') = dimc{/ 6 n | / is right TA-invariant}. 

Let Cy (Ln) (resp. Cjf(Ln)) be the sum of cr(n') over n' S Ln such that n / 00 |g P2 is the holomorphic 
(resp. non-holomorphic) discrete series representation with Blattner parameter (a + 6 + 3, a + b + 3) 
(resp. (a + 3, —b — 1)). First of all, if n is neither a weak endoscopic lift nor a CAP representation, 
then by Propostion 1.5 of Weissauer [44], for any n' S Ln there exists n" such that ~ Up for all 
nonarchimedean p but n'^ ^ U'^ and n'^ ^ Tlj£. Therefore, eg (L n ) = (Ln) and by THEOREM 
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7.5 of Laumon [IB] and Theorem III of |44j . 

L E ( S ,n) c ?^)|L E ( S ,Gr^t(^r,Q^*<6)) 

where £ is the set of finite places u of which I\, 9^ Sp 2 (Q«) and we set Ls(s,n) := IIj^e L(s,Tl v ). 
However their results of |18j and |44j do not tell us anything about the contribution of a weak 
endoscopic lift or a CAP representation to the middle cohomology of any Siegel modular threefold. 
On the other hand we have a conjectural discription of the contribution of a weak endoscopic lift IT 
(or also a CAP representation) to the (total) ^-adic cohomology of Sr (Section 6 of [2]). By Howe, 
Piatetski-Shapiro [12], there exists an endoscopic lift n for a given pair (7ri,7r2) where n is given 
by the 0-lift from GS02,2 and globally generic. Therefore Cp'(Ln) 7^ for a sufficiently small V. We 
should note that 

— if n' € Lji and 11^ 9^ U 1 ^, then YL p 9^ U 1 for some nonarchimedean p. 

— it may be happen {Lu) = for any T (see section 5 for the explanation). 
By Arthur's conjecture (cf. Section 6 of [H]) and p-adic Hodge theory, we guess 

L s ( S ,7r 2 )^^)L s ( S , 7 r 1 )^^)|L E ( S ,Gr^ t (5 rj Q,7r,£«y), 

where tti (resp. ^2) is chosen so that 7Ti j00 |sl 2 (resp. 7r2 i0 o|sL 2 ) is the discrete series representation 
of lowest weight a — b + 2 (resp. a + b + 4). In the following specific case, we would like to give a 
conjecture. Let S be a Siegel threefold defined over Q with a Hecke correspondence 7 C S x S which 
is also defined over Q. Assume 

h 3 >\ 7 *GrYHl tti (S c ,Tr*£ a , b )) = 0, h^^Grf Hl tti (S c , 7T*£ a>6 )) = 1. (1.2) 

Let n be the irreducible cuspidal automorphic representation attached to a unique generator of 
i? 2 ' 1 (7*Gr3 / ^ etti (S'c, Tr*£ a ,b))- By Theorem 2.1 of [25], n oo |g P2 ( K ) is the non-holomorphic discrete 
series representation with Blattner parameter (a + 3, —b — 1) which is generic. By Theorem III and 
Proposition 1.5 of [44], n is a CAP represent aiton or a weak endoscopic lift of a pair (7Q, ^2). But, by 
section 4 of Schmidt [37] . if a Saito-Kurokawa representation (a CAP representation associated to 
a Siegel parabolically induced representation) is not holomorphic, then its archimedean component 
is non-tempered and hence it is not a discrete series representation. By Soudry [38] . every CAP 
representation associated to a Klingen or Borel parabolically induced representation is given by a 6- 
lift from GO (La), where L is a quadratic extension of Q. It is not hard to show that the archimedean 
component of the #-lift is not generic. Hence, n is a weak endoscopic lift. Then our conjecture is: 

Conjecture 1.5. Keep the notations as above. The following equality of L-functions holds up to 
finitely many local factors: 

L(s, j*GrY #3 (Sq, vr^tj) = L{s _ b _ 1; /} 
where f is the elliptic cusp form of weight a — b + 2 associated to tt\ (of the lower weight). 

We should explain where the missing contribution of ir g X 1 is gone in our case. Recall the 
Galois covering S'r(ii) of A 1 ^. We can construct a holomorphic weak endoscopic lift = @((irf <S> 
X 1 ) (n g <g> x 1 )) associated to a pair (-ztj <S> X l > 7r g ® X 1 ) such that has a right r(ll)A-invariant 
vector which contributes to (3,0)-part of Gr^ / i7 3 (5 r ( 11 ), C), hence |Lri'| = 2- The construction of 

is given by the first author [27]. If we expect Arthur's conjecture (cf. Section 6 of [H]), should 
contribute to the ^-adic cohomology of .Sr^) of the middle degree. 

Remark 1.6. (i) The results of this paper can be viewed as a warning that the good behaviour 
predicted ifF is torsion free may not occur in some case like K(ll) lev , due to the specific geometry 
of the corresponding Siegel threefold A l ±i . However we know fortunately that is unirational. So 
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we can discuss Theorem 1.3-(ii). In general, it seems to be hard to do by using (purely) geometric 
arguments. 

(ii) It is irrelevant to conclude that the smallness ofT causes this phenomena as above. In fact, ifT is 
inadmissible (e.g. F = K(iV) or K(iV) lev for any N), then there are no contribution of holomorphic 
weak endoscopic lifts (hence Yoshida lifts) to (3,0)-part of Gr^ H 3 (Sr,C). We will discuss this in 
Section 5. 

(in) Let g be the elliptic cusp form of weight a+6+4 associated to TT2- Since the Frobenius eigenvalues 
at p ^ £ on 7* Gr^ 7 il| t (SW, -K^C c ^ b ) are of form p b+1 a for some a £ Zi, we see that the L-function of 

g never contribute to 7*Gr 3 ^Lf ( ? t (S , Q, 7r^C^ b ). 

The paper is organized as follows. In section 2, we determine the L-function of Klein's cubic 
hypersurface by using theory of Fano threefolds and motives. So we will freely use the terminology 
in [19] (see also [23] for a modern article). In section 3, we construct non-holomorphic differential 
forms Fi on A^j. In section 4, we give a proof of Theorem 1.3 and discuss a related topic in Section 
5. 

2. Klein's cubic threefold and its L-function. 

In this section, we compute L-function of Klein's cubic threefold X defined by XqX\ + x\xi + x\xj, + 
x\x^ + x\xq = in the projective space P 4 where we fix coordinates [xo : x\ : X2 ■ X3 : X4]. We 
consider X as a variety defined over Q. 

Proposition 2.1. The variety X has a good reduction outside 11. 

Proof. We can easily check this by direct computation, but we give another proof. Let F\\ : 

4 

^^y 11 = be the Fermat hypersurface of degree 11 in Pq. Then we have the generically finite, 

i=0 

surjective morphism F n — > X, (y^ !-)• (x,), = (y 4 y 8 2 +1 yf +2 yf +3 )j eZ / 5Z which is defined over Z. 
Clearly Fn and the indeterminacy of the map as above have good reduction outside 11, hence so is 
X. 

Let Lf^ R (y) be the algebraic de Rham cohomology of a variety Y (may be affine or singular) 
over a field K which is defined to be the hyper cohomology group of de Rham complex 

n Y := [0 — ► O y ^ A Sfy — > • • • ] 

(see |10j). It is a LT-vector space by definition. If Y is affine, this coincides with the cohomology of 
the global sections. In general, it is hard to compute the algebraic de Rham cohomology. However, 
now X is a hypersurface of projective space. So we can apply Griffiths-Dwork's results to compute 
an explicit generators of Lf| R (X). 

We now explain this. Put 5 := xf j xi+x\x2+x\x2,+x\x^+x\xQ and denote by R = Q[xq, x\, X2, £3, #4] 
the polynomial ring over Q with five variables and Rd the set of all homogeneous polynomial of 
degree d G Z^o- Consider U := P 4 \ X. Then U is an affine variety over Q and it has coordinate 
ring T(U,Ojj) which consists of the homogenous elements of degree in 

Theorem 2.2. fl8$) There exists an isomorphism Lf| R (X) ~ Lf 4 R ([7) as Q-vector spaces. Further- 
more, this isomorphism commutes with the action of Aut(X) n Aut(P 4 ). 

Proof. This follows from the excision theorem and the later claim follows from the functoriality 
of cohomology. 

So we have only to compute H^ R (U) instead of H^ R (X). Put = Ylt=o x idxo A • • ■ Adxi A • • • dx±. 
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Theorem 2.3. The cohomology H^ R (U) consists of ~g2~, ^ 3 an d -^j" S" Jves ^ e Hodge filtration 
FifH^X). 



Proof. Since £/ is affine, i?^ R ({7) = Ker(d : Q 
right hand side can be written as 



O 5 



0)/Im(d : Ul 



u 



Furthermore 



A 6 



3i— 5, 



1,8,...}, 



j = 0,1,2,3,4, Aefi; 



3i-4, 



2,3, 



By direct computation, we can find generators as in the claim. We know a priori that H% R (X) (resp. 
Fil 2 H^ R (X)) is of dimension 10 (resp. 5)). So this would help us from abstract computations. 

An 



By [8], Fil 2 ff| R (X) corresponds to the image of j 
Then we have the last claim with computations above. 
Let Cs be a primitive 5-th root of unity. 



S i+i 



A £ Rsi-2,i 



1,2, 



} ^ H* R (U). 



Proposition 2.4. Let a be the automorphism on X defined by [xo : x\ : X2 ■ X3 : X4] i-> [xi : 
X2 : ^3 : X4 : xo] fa is of order five) and a* be the corresponding linear map on H^ R (X). Then 
H^ R (X)®Q(^) decomposes as ©^ =0 W(Q) where a* acts on 2-dimensional space W(Q) over Q(Cs) 
as multiplication Q. Furthermore, this decomposition preserves Hodge filtration. 



Proof. By Theorem 2.3, it is easy to see that 

4 ^4 



<->5 "52"' W J - 2^ ^5 

i=0 i=0 



53 



J = 0,1,2,3,4 



is a generator of W(Q). Since Fil 2 H% R (X) n W(Q) 
filtration. 



(vi), this decomposition preserves Hodge 



Theorem 2.5. Let f be the elliptic modular form of weight 2 with complex multiplication by the 

41"). Then we have L(s, H^ t (X^,Q e )) = l\t=o L (s ~ hf ® t) including 
■l C x ,2 i-> (5 is a primitive character of order 5 with 



ring of integers of 1 

local L-factor at 11 where \ '■ (Z/11Z)* 
conductor 11. In particular, L(s, H^ t (X-Q, Qg)) is independent to a choice of t. 



Proof. Let E be the elliptic curve over Q which corresponds to /. Let S be the Hilbert scheme 
of lines of X which is a smooth surface over Q. Then by the general theory of Fano threefold 
(cf.[3], [H]), the Grothendieck motive M := h?(X) associated to X over Q coincides with the 
motives h 1 (A)(1) over Q associated to the Albanese variety A of S where "(1)" means the twist by 
Lefschetz motive. Note that X has the Chow-Kunneth decomposition by [19]. The motive h s (X) in 
fact exists in the category of Grothendieck motives. So we have 



-k( s ,-#ct(-%' 



L(s,M) = L(s,h\A)(l)) = L(s - l,H l et (A®, 



It is known by Theorem (46.22) in pQ that as abelian varieties, A is isomorphic to E 5 over C. 
Recall a is an automorphism of order 5 defined in Proposition 2.4. By functoriality, a is identified 
with an element in End c (^) <8> Q = End c (-E 5 ) ® Q = M 5 (End c (£) ® Q) = M 5 (K). Since a is of 
order five, this must be a permutation of order five such as 



1 0' 

10 

1 

1 

1 



£ M f 



-11)). 
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Therefore, we see that a—1 £ EndQ(j4)<g>Q is a non-trivial zero divisor and then B := A/ (a — l)A 
is an one dimensional abelian variety over Q. In fact, by Proposition 2.4, the the filtration of de 
Rham realization H^- r (X)q of M has only one dimensional eigenspace (as a Q-vector space) for 
eigenvalue 1 of a*. Since B has CM by O = Ok, \\O x = 2 and B has conductor a power of 11 by 
Proposition 2.1, then B is E or the twist of E by K. The latter case becomes E again. 

Consider the quotient abelian variety B' = A/B. By direct computation, we have the local 
L-factor at 3 of X and hence of B x B' up to Tate twists: 

L 3 (s,HUXq,Qi))= (l + 3x + 27x 2 )x 

(1 - 3x - 18x 2 + 135x 3 + 81x 4 + 3645x 5 - 13122x 6 - 59049x 7 + 531441x 8 ), 

where x = 3~ s . Since the second factor of the right hand side is irreducible as a polynomial over Q, 
we see that B' is a Q-simple abelian variety. We denote by EndQ(-B') the ring of endomorphisms 
defined over Q of B' . This is a Z-algebra. Consider the composite of the following homomorphisms: 

L = Q(Cs) C5 ^ Q EndQ(A) ® Z Q = End Q ( J B) ® z Qx End Q (B') — > End Q {B') ® z Q, 

where the second homomorphism is the natural projection. Since EndQ(i?) <8>z Q = Q 5 this map 
gives an embedding L ^ Endq(B') ®i Q. Then B' is an abelian variety of GL/2-type in the sense 
of Ribet |31j and Theorem 4.4 loc.cit with Serre's conjecture which is now a theorem by |16j . B' is 
isogenous to the Shimura's abelian variety A^ for some elliptic modular form h (see Theorem 7.14 
of [39] for A h ) . 

On the other hand, BL is isogenous to E 4 over Q and E is corresponding to the CM modular 

forms / G 52(ro(ll 2 )). Note that B' has good reduction outside 11 by Proposition 2.1. Then by 
Theorem 1.2 in [7], we may assume that B^ is isogenous to E 4 over a number field K included in 
Q(^n°°)- Since Gal(K/Q) is abelian, by taking Weil restriction, we must have h = f <g> ift for some 
primitive character tp. Note that L = Q(a n (/i)|n ^ 1) by Theorem 7.14 of [39]. So we may have 
ip = X- Hence we have 

4 4 

L(s, H 3 ct (Xq, Qi)) = L{s - 1, H^Aq, Qt)) = J] L(s - Qt) ® x*) = U L(s -lj®^)- 

i=0 i=0 

For the local L- factor at 11, the last equality follows from the local- global compatibility of auto- 
morphic L-function (cf. [I], [35]). In particular, the LHS is independent to I. 

3. construction of right K(ll)^ v -invariant cusp forms. 

For k = Q,Q V , or A, let 

GSpJfc) = [g e GL 2n (k) 

where c(g) is the similitude norm of g. Note that GSp 1 (/c) ~ GL2(fc). For a representation r of 
GSp n (fc) and a quasi-character A, we will denote by Ar the representation sending g to \(c(g))r(g). 
For a positive integer N, the paramodular groups K(iV) and K(A^) lcv with a canonical level structure 



-In 
On 



a = c(g) 



-In 
On 



, c( 9 )eP} 
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are defined by 



K(N) 



Z 



NZ 



-i'. 



z 


NZ 


NZ 


NZ 


Z 


NZ 


z 


Z 



K(N) 



lev 



Z N 



NZ l + NZ NZ 



ns P . 



NZ 
N 2 Z 
NZ 

i + m 



n Sp 2 



For a nonarchimedean place v of 1 

\lev 



let K(N) V and K(iV)Jf v be the v-adic completions of K(N) and 
K(iV) lcv . Let K(JV) A = Il v<00 K(N) v and K(iV)^ v = l\ v<OQ K{N) 1 ™ . In this section, put p = 11. 
Let x = ®Xv be a primitive character of Q X \A X of order 5 with conductor p. Let / S S^fTofdl 2 )) 
be the elliptic CM modular form. Let [i be the grofiencharacter of K = associated to /. 

Let 

v = — 

and 7Ti = vr(i/) be the irreducible cuspidal automorphic representation of PGL2(A) associated to 
v. We will construct right K(p)^ v -invariant non-holomorphic automorphic forms corresponding to 
non-holomorphic differential forms on H 2,1 (GiY H^ etti (A l f\i, C)). Let IT be an irreducible cuspidal 



automorphic representation of GSp2(A) which arises from a non-holomorphic differential form on 
^^(G^Y H^ ctti (A^\i, C)). By the similar argument done before Conjeceture 11.51 and Tilouine's 
conjectural panorama of [31] . we guess that LI is a weak endoscopic lift of a pair (x^i, X % ^2) (see 
eq.(2) at p. 505 of [26] for the case of a = b = 0). Here 1T2 is some irreducible cuspidal automorphic 
representation of PGL2(A) with 7T2 i0 o being the discrete series representation of lowest weight 4. 
We can assume that the central character of II is trivial, since a weak endoscoic lift of (xVi, X* 71 ^) 
is a x*-twist of that of (tti,tt2)- By Roberts [32] . every weak endoscopic lift is given by a global 
#-lift from GSOb(A) for some quaternion algebra B defined over Q. We recall some fundamental 
results on the 0-lifts. Define the action p of B x x B x on B by p(h\, hi)x = xfi2, which yields an 
isomorphism 

i p : GSO(B) ~ B x x B X /A(Q X ) 

where A indicates the diagonal embedding. Let Trf be the Jacquet-Langlands transfer of 7Tj to 
B(A) X if it exists. By i p , a pair of automorphic representations (trf,^) of B(A) X is identified with 
an automorphic representation of GSO(B(A)). We denote by M ir®) the global #-lift and by 



9{%f v M tt^J the local (9-lift, which is the v-component of 6(7rf M 7if ). If B 
G(7ri M 7r 2 ) as Q(irf S and 6(TT ltV M ir 2 , v ) as 9(irf v Kl n, 



Ms 



we write 



B 

2,vJi 



8(lT 



B 

l,v 



7T. 



2,v) ~ 



briefly. Then, 
B,, ~ M 2 (Q„). 



First, we should find a candidate of B and 112 such that LI = G(vrP IE )• If B^, is not split, 
then 6(7Ti 



7T 



OO 
B 

2,oo 



7T B 



is holomorphic. Hence, B ro should be split. At a nonarchimedean place v, 
is unramified, if and only if B„ is split and both of 7Ti, v ,7T2,v are unramified. Hence 



7^2,v is unramified and B„ is split for v 7^ p since n„ is unramified. Therefore, we conclude that 
B = M2(Q) by the Hasse principle, and tt2 should have a p-power conductor. Moreover, we know 
that the local #-lift 0{-K\ tP M vri jP ) is a constituent (denoted by t(S, vti >p ) in [33]) of the local Klingen 
parabolically induced representation 1 x vri >p , and have a right L p -invariant vector for a relatively 
large compact subgroup F p C Sp 2 (Q p ). Further, vr(z^ 3 ) p ~ vr(^) p by the following lemma. Therefore, 
we choose ^2 = 7r (^ 3 )- 

Lemma 3.1. The p-component iri, p = tt(v) p of tti is supercuspidal and vr(z/) p = 7r(z/ 3 ) p . 
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Proof. Let p = y/—ll, the place of K lying over p. If we assume that 7r(z/) p is not supercuspidal, 
then, by Theorem 4.6. (hi) of [T3], we can write 



by some character Xp on Q« • Observing that 



of Kp and 



-p '■ N K P /Q P 



(3.1) 

(°P )] = 2 where o p is the ring of integers 



(Z p /p n Z p ) x ^ Z/p n_1 Z x Z/(p - 1)Z, 

we conclude that (Xpl^ x ) 2 = 1- Take a rational prime I which is inert in K so that v w (l) = 1 
at every w ^ p,oo. Note that there are infinitely many such primes by Dirichlet's arithmetic 
progression theorem. Then, Up(l) = Xp(^K f /Q p {^)) = Xp(l 2 ) = 1- Therefore, L(s,i/)i = (1 — Z~ 2s ) _1 , 
which conflicts to the form of the Z-factor of L(s + \,E). Hence k(v) p is supercuspidal. 

By the theory of complex multiplication, fi = <S) w fJ, w takes the values in K x . Therefore Up\ x is 



±l-valued since the units group of K x is {±1}. Thus f| 



'pip, 



, and Vp(wp) = ±1 or ±y/^l for 



a uniformizer Wp of Kp. Hence Vp coincides with Vp or Vp. In any cases, 

7Ti jP = 7r(z/ p ) = 7r(z/p) = 7r(F 3 ) = 7r 2iP . 

Here note that central characters of 7Ti,7T2 are trivial. This completes the proof. 

Remark 3.1. By the above argument and Lemma 3.1, the L-packet of the weak endoscopic lift as- 
sociated to (tt(v), 7t(i/ 3 )) is {0(7r(z/)Kl7r(i/ 3 )), 6(7r(z/) D Kl7r(z/ 3 ) D )}, where D is the definite quaternion 
algebra which is not split at only oo and p. 

We should note that if n is a weak endoscopic lift of (x*7Ti, x 1 ^), the spinor L-function of n 
has the factor L(s,x l ' 7r 2) which does not appear in the L-function of X (see Theorem 1.3- (ii) ) . 
Next, we are going to construct a right K(p)^ v -invariant Whittaker function of 0(7Ti M tt 2 )- Let 

H(k) = GL 2 (k) 2 

H^k) = {(hi,h 2 ) G H(k) | det(/ii) = det(h 2 )} (3.2) 
J,Q V or A. We will identify elements of H(k) with those of GSOm 2 (A;) = GS0 2 ^ 2 (k) via i p . 



for k 
Let 



ei 



i 

v 





a 







Let Z( ei Q ,)(A:) C H 1 (k) be the pointwise stabilizer subgroup of ex, a, which is isomorphic to 

) | x e k >. 



1 x 
1 



1 



We fix the standard additive character ip = ® v i)) v on Q\A. Let /j be an automorphic form in 7Tj. Let 
r v be the Weil represetation of Sp 2 (Q,;) x 2:2 (Q V ) with respect to ip v on S(M 2 (Q V ) 2 ), the space of 
Schwartz-Bruhat functions of M^Q^) 2 - Then an automorphic form 9(ip, f\ M f 2 ) in 0(tti M tt 2 ) is 



%,/lB/ 2 )( 5 ) 



H 1 (Q)\H 1 (A) 



xeM2(Q 



{®vr v (g,h)(p v (x))f 1 (h 1 )f 2 (h 2 )dh 1 dh 2 



where G 5(M2(Qt,) 2 ) and dh±,dh 2 are Haar measures. Let Wj = (S^W 7 ^ be the global Whittaker 
function with respect to ip of /j. Then, the ^-component of the standard Whittaker function of 
%>,/iB/ 2 ) is 



r\,(#, h)(p v (ei,a)Wi tV (h 1 )W 2 , v (h2)dh 1 dh 2 



(3.3) 



Takeo Okazaki and Takuya Yamauchi 



It is easy to see Woo(l) 7^ (see Remark 13.41 for an explicit t^oo)- Let (p v = Ch(M2(Z l ,) 2 ) for every 
nonarchimedean place v 7^ p, where Ch indicates the characteristic function. Then, it is also easy 
to W„(l) 7^ 0, since both of iri v ,iT2v are unramified and we can take a right GL2(Z„)-invariant 
Wi )V . Consequently, what we have to do is to choose cp p and W» iP suitably for the realization of a 
nontrivial right K(p) lcv -invariant W p . Let 

p = w?7 = w%r 

be the new vector of iri >p ~ TT2p> which is right ro(p 2 ) p -invariant. We can assume (3(1) = 1. Then it 
holds 



a 


0~ 







1 


H 



1 if a € 



otherwise 

since m iP is supercuspidal by Lemma 13.11 We define 



(3.4) 



< v (cci,x 2 ) = Ch( 



( 


Wjp p ^p 


e 









p 



pZ p p^Z* 



By using the properties of the Weil representation in p. 256 of [32], we can check that 

r p (u,(h 1 ,h 2 ))<f$ v = <<F (3.5) 
for u G K(p)^ cv and {h u h 2 ) G ((r (p 2 )p x r (p 2 ) p ) n H l (%)). Now then, let us calculate W p (l) 



using (|3.3j) . Let 



r 



p 2 0' 
1 

' Z p 
p 2 Z p 



GL 2 (Z, 



p 2 
1 



p~ 2 Z p 



n GL 2 



GL 2 (2 



As a complete system of representatives for f /ro(p 2 ) p , we can take 



1 3 
1 



3 G P~ 2 ^ 



w 


"0 


-p- 1 " 




"1 


i 












1 



j g p^Z/J 



Therefore, as a system of complete representatives of Z^ ei ^(Q p )\H 1 (Q p )/ (Tq(p 2 ) p x To(p 2 ) p ) we 
can take the following. 
TYPE I): 



P 



1 x 




~p m 0" 




~p n 


0" 


1 




1 


1 





1 



with x G Q p , m + 2r = n. 
TYPE II): 



1 a; 
1 












-1 




1 s 






1 




P 2 







1 





p n 
1 



with x G Q p , 2r + m + 2 = n, and s G {0, -, 
TYPE III): 



1 x 
1 









p n 




-1 






1 




1 




p 2 





1 t 

1 



with x G Q p , m = n + 2 - 2r and i G {0, . 
TYPE IV): 



p-1 ] 
p 



1 X 




p m 







-1 




1 s 




p n 







-1 




1 


4" 


1 




1 




P 2 







1 




1 




P 2 










1 
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with x G Q p , 2r + m = n, and s, t G {0, |, . . . , ^y-}. 

Let us see the contribution of each type of h = (hi, /12) in (j3.3j) to Wp(l). We will write 

^)(( e i'«)) = ([" 1 1 dj'[c 2 2 

TYPE I). If an element /i = (/ii,/i2) contributes to W p (l), at least, p(h)((ei, a)) G supp(</?p V ) and 
/3(/ii)/3(/i2) 7^ 0. Therefore, by (|3.4p and (|3.5p . we can assume 

"O p m ~ r^.— 1— m+n— r n — 1— m— r^.~\ \ r H m— 1' 











p— 1— m+n— r ^— 1— m— r^,' 
-1-r 



£j p P a^p 
P*Hjp Z p 



P^Z* p-% 

pZ p p- x z* 



p" 

with m + 2r = n, m ^ 0. Observing 02, ^2 (resp. ci), we have r = 0, n = m (resp. m ^ 0). Thus 

p(h)((e\, a)) G supp(^i ev ) <J=^ m = n = r = 0,xG Z p . 
Therefore, the total contribution of this type in (|3.3p is 

voi(r (p 2 ) p x r (p 2 ) p )r p (i,/ l )v 3p ( ei ,a)Wi, p (i)^ 2 , P (i) = voi(r (p 2 ) p x r (p 2 ) p ). 

TYPE II). By ([331) and dUS]), we can assume 

-(— p m + p 2 sx) 



-1— m— r , 



p" 3 

-p- 1 -" 1 -^ 



'_— 1— m+n— r „ n —3—m—r( n m 
p o p 



P 



-1—m+n—r 



TLp 

P 



-p 1 m r x 



p~ l 1* p- l z p 
pZ p p- x z* 



with 2r + m + 2 = n^0 and s 6 {OA . . . , ^r"}- Observing 02, we have s^O. Observing 61 and 02, 
we have ra ^ 0. Thus n = 0. Observing c 2 , we have — 1 — m — r ^ 1. Observing 621 we conclude 



that, if p(h)(ei,a) G supp(</? p ), then 



P(( 



1 x 
1 



h 1 ,h 2 ))(ei,a) G supp(v9p V ) 



for any x G p x Z p . But, by the property 



1 x 
1 



/ii) = ip p (x)P(hi), 



(3.6) 



(3.7) 



the contribution of this type is canceled. 
TYPE III). By ([331) and PS}, we can assume 



Vil— Tn— t ^l—m—v-i 
p p i 



■pL-m-r x p-l-™-r(-tf*+j?tx) 



-P 



1-r 



G 



■I' 



/hp p a^p 
P^Jp Z p 



p- lr Lp< p-% 
pTLp p^Z* 



with m = n + 2 — 2r ^ and t G {0, |, . . . , — ^-}- Observing C2, we have r ^ 0. Thus, cfo 
cannot belong to p _1 Zp . This type does not contribute. 
TYPE IV). By (J33J) and (j3l)|) . we can assume 

-l-m-r(_ p m + p 2 sx ) _ p _i_ m _ r ^„ a + ^ _ ^2^) 

-p 

-1 



-p^ r t 



p l-m-r s p l- m -r st - 
n l—m—r „1— m— rj. 

p p L 



P 



_pl m r x 



1 - m - T (p n -p 2 tx) 



/hp p u^p 

pL v Z p 



p- 1 ^ p-% 



p£, p p X Z* 
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Here 2r + m = n and s, t £ {0, |, . . . , — ^p}. Observing c±, we have — m — r ^ 0. If — m — r > 0, then 
the contribution is canceled by ()3.6[) and ()3.7p . Hence, we can assume m + r = 0, n = r. Then, since 
C2 = — px S pZ p , we have x S Z p . Since d 2 = —p~ 1 (p n — p 2 tx) £ we have 

Thus n ^ 0. Since 02 = p~ 1 (—p m + p 2 sx) £ p~ lr L p , we have 



-</.)• 



Thus m > 0, and n 



-m ^ 0. Hence 



m = n 



0. 



Under this condition, observing 62 G P we conclude that s + 1 £ Z. Thus the contribution is 
calculated as 

p-i 



y=0 



) -1 

2 



1 «■ 

p 

1 



-1 





p 2 



1 



) 



(3.8) 



with c = vol(ro(p 2 ) p x ro(p 2 ) p ). Since e(^,7Ti )P ) = 1, the eigenvalue of (5 for the Atkin-Lehner 
operetor is 1 and 



-1 
2 



p 



1 K' 

P 

1 



1 
py 1 



2 



) = /3( 



1 
py 1 



Let W(7Ti iP , ipp) be the Whittaker model of 7Ti iP with respect to ip p . We define a mapping 



C : W(ir ltP ,iJ; p ) 3 w(g) — >• io( 



-1 
1 



5) = w( 



-1 
1 



-1 
1 



ew(7r hp ,ij 



By the local newform theory for GL(2), the dimension of the subspace of right Fo(p 2 ) p -invariant 
vectors in W(iri tP ,ifj p ) is one. Hence, 

C((3) = (3. 



Now, (j3.8[) is calculated as 

p-i 



P-I 

°£0( 



1 

1 



1 

py 1 



1 

py 1 



<£>( 



1 

1 



1 
py 1 



1 

py 1 



)/?( 



-1 
1 



1 

py 1 



-1 
1 



1 
py 1 



)>o. 



y=0 
p-l 

) = <£>( 

Hence the total contribution of this type is some positive number. Combining the contribution of 
type I), we conclude 

W p (l) + 0. 

For each i £ {0,1,2,3,4} let 



^\x 1 ,x 2 ) = X ~ i (det(p 2 x 2 ))Ch 



lL p p ^ p 



Similar to (pO|) . i£p V ' xl is right K(p)J, ev x ((r (p 2 ) p x r (p 2 ) p ) n i3" 1 (Q p ))-invariant. For the pair of 
(x l ' Tr i,X l7T 2) with 1 ^ i ^ 4, the proof of the nonvanishing of the local Whittaker function at p is 
similar to above. Thus, 

Theorem 3.2. Let n\ = 7t(i/),7T2 = 7r(i/ 3 ) be the unitary irreducible cuspidal automorphic repre- 
sentations of GL2(A) associated to the groBencharacter v = A. Then, each of five globally generic 
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endoscopic lift x*0(7riK]7r 2 ) = @(x* 7r i^X l ' 7r 2) f° r ^ i ^ 4 has a right K(p) l ^ v -invariant automorphic 
form. 

Remark 3.3. For a locally generic admissible irreducible representation r of GSp 2 (Q tI ), Novod- 
vorsky \24\ defined a L-function of r. It holds 

L{s, xI<3>(ki ^ 7r 2 )u) = L i s , V ■ X 1 ° N K/Q ) v L(s, /i 3 • x l ° N K/Q ) V . 

Remark 3.4. We give a Schwartz-Bruhat function ip^ <E S(M 2 (IR) 2 ) for the 9-lift of (7ri,7r 2 ) as 
follows. Set 



P+(x) = Tr(x 



-1 



1 



1 



P-(x) = Tr(x 



-1 1 

-l \Z~-i 



so that P±(p(ut 1 ,u t2 )x) = e vr ^* 2±tl )P-t(x) where 



cos ti sin t i 
sintj cos ti 

Let s\, S2 be indeterminants. Define ip 00i E 5(M 2 (]R) 2 ) <8> C[si, s 2 ] by 



G SO, 



for i = 1,2. 



) (xi,x 2 ) = exp(-7r( a 2 + 6 2 + c 2 + d 2 ) + s 2 x 2 ) 3 P_(s 2 xi - six 2 ) 



i=l 



where we write Xj 



Ci di 



Remark 3.5. The local 6-lift x l &( 7r i,p ^ 7r 2,p) is the irreducible constituent denoted by t(S, x t ' !T {l L )p) 
of 1 xi x t7T i,p m j33] . In particular, the central character #(7Ti iP K]7r 2j p) is trivial. According to Roberts, 
Schmidt [33] . r(5, ir(u.) p ) has a right K(p 4 )p-invariant Whittaker function, which is the newform. It 
is really realized by the 9-lift as before with using f3 £ W(t^i, p , ip) and the following Schwartz-Bruhat 
function at p: 



para. 



xi,x 2 ) = Ch 



ip-^aCZp)). 



4. A comparison of X and A±ii 

In this section, we shall discuss the relation of differential forms on X and A^\i and of L-function 
of these varieties. 

Recall the notations of Section 1. Let V := T(ll) be the congruence subgroup of level 11 in 
Sp 2 (Z) which is normal in gK(ll) lev g~ x . We denote by G the quotient group gK(ll) g -1 /T' . Since 
G is finite, the restriction map induces an isomorphism of group cohomologies: # 3 (K(ll) lev , C) ~ 
H 3 (T',C) G . Since K(ll) lcv \M 2 (resp. r'\H 2 ) is an Eilenberg-MacLane space of K(ll) lcv (resp. V), 
we have # 3 (K(ll) lcv , C) = H 3 (A l ^ u ,C) (resp. F 3 (r',C) = H 3 (S r ,C), S r > := r'\M 2 ) even if 
K(ll) lov has torsion elements because we are considering the complex coefficient. We note that 
Sr' is a quasi-projective smooth variety since V is torsion free. Let Sr' be a toroidal compactifi- 
cation of Sr> and let j : Sr' Sr' be the natural inclusion. We consider the parabolic cohomol- 

ogy iJ, 3 (5r',C) := Im(H 3 (S^', C) -A H 3 (S T ',C)). Then by observation in Section 7 in [26], we 
have H 3 usp (S F ',C) = H?(S T ',C). Here the cuspidal part H 3 usp (S r >,C) (resp. # 3 usp (^n , C)) of 
H 3 (Sr',C) (resp. H 3 (A l i\ 1: C)) is given in terms of the (g, A')-cohomology (cf. Section 2 in [26]). 
That is a complement of the Eisenstein part in H 3 (Sr',C) (resp. H 3 (A l i v n ,C)). Combining these, 
we have 

H 3 cusp (A^ ll ,C) = H 3 (S T ',Cf 
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and 

^cusp(^il, C) = m(u 2 , K(ll) lcv )H 2 'HQ, K- H 2 ) m(co 3 , K(ll) lcv )tf ^(g, K; H 3 ) 
by the decomposition (2) at p. 505 of [26] (see loc.cit. for the notation appears here). It is easy 
to see that Grf H 3 (A l ^ n ,C) contains H?(S r ,C) G = H^^Afj^C). We hope that the equality 
Grf^iA^C) = H 3 usp (A^ v n ,C), but we do not know if it holds. 
We now give a proof of Theorem 1.3. 

Proof. The assertion (i) directly follows from the results in Section 2 and Section 3. We give a 
proof of (ii) . Hereafter H * means etale cohomology and we use freely the facts of etale cohomology 
(we refer |20] for this). Since X and Af v n is birational to each other, we have a common non- 
empty open subvariety U defined over Q. Now we have exact sequences of compact support etale 
cohomology: 

► H^U^Qe) — > H 3 c (X Q ,Q e ) = H 3 (X^,Q e ) — > H 3 ((X \ C/)| d ,Q,) — > • • • 

> H?(Uq, Qt) — > H c 3 (4aiq, Qt) — > H 3 ((A^ U \ U)^ d , Q e ) — > ■■■ . 

Here (X \ Jjy ed is the closed subscheme X \ U with the reduced scheme structure (it is same for 
(-^n \ ^) rcd )- The difference between H 3 (X^,Q £ ) and H^A^J^Qe) are described in terms of 
H 3 ((X\U)^ d ,Q e ) and ((A l ^ n \U)^ d , Qt). If the closed subschemes X\U and Afj x \U containes 

a scheme Z of dimension less than or equal to one, then the cohomology H 3 (Z-^, Qg) vanishes. So we 
may assume that these subschemes are unions of surfaces (hence are of dimension 2). By Poincare 
duality, we have ^((^11 \ U)^,Q e ) ~ H 1 ({J\^ 1 \ U)^ d ,Q e )(-l). Therefore, for a sufficiently 
large p / £, any eigenvalue of the Frobenius element Frob p acting on {{^((A 1 ^^ \ U)^ d ,Qi) is of 

form pa where a E Z is some Weil number. Since X is smooth cubic threefold, the same thing 
occurs for H 3 (X^, Qt) as in Proposition 2.5. From this, any eigenvalue of the action of Frob p on 

H 3 («4i e ii|p Qt) is a multiple of p. This claims us that L(s, g) does not occur in L(s, Hf (A^J^, Qe)). 



5. Some Remarks. 

Keep the notations in Section 1 which is used to state Coniecture ll.51 Let Vr := Gi^ H^ cUi (Src, 
Assume 

h a+b+3 '°(V r ) = h°> a+b+3 (V r ) = 0, h a+2 < b+1 {V T ) = h b+1 ' a+2 (V r ) / 0. (5.1) 

Our moduli space A^^ is an example of such a variety for a = b = 0. 

Let n be an irreducible cuspidal automorphic representation of GSp 2 (A) which arises from a 
non-holomorphic differential form in H a+2,b+l (Vr) ■ By the argument before Conjecture[T3J we guess 
that n should be a weak endoscopic lift associated to a pair (711, 7^) so that 7Ti )00 |sl 2 (resp. vr2 >00 |sL 2 ) 
is a discrete series representation of lowest weight a — b + 2 (resp. a + b + 4). We will consider when 
Vr tends to have the Hodge type (|5.ip . If Q(irf M trf) for a quaternion algebra B contributes to 
H a+2 ' b+1 (Vr), then Q(irf M nf) has a right r(A)-invariant vector and B^ is split. On the other 
hand, if B^ is not split (i.e., B is a definite quaternion algebra), then 0(vrf Kl ir^) is the so-called 
Yoshida lift and holomorphic. In that case, by the Hasse principle, the definite quaternion algebra 
B is ramified at some nonarchimedean place v. Here, we should remark that there is no Yoshida 
lift associated to (vri,^), if ftf and ir® does not exist simultaneously for a common B (i.e., one of 
7ri,«)7f2,« is a principal series representation for every nonarchimedean place v). 

We say T is inadmissible, if the Weil representation r' 2 of Sp 2 (Qi,) x 0(D„) for some nonar- 
chimedean place v does not have a right T^-invariant vector, where D„ is the unique division quater- 
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nion algebra D„ over Q v . We see below that K(iV) and K(N) lcv are inadmissible for any positive 
integer N. For a place v, let r' v (resp. r' v ) be the Weil representation with respect to some nontrivial 
additive character tp v of SL^Q,;) x 0(D„) (resp. Sp 2 (Qt,) x 0(D„)) on 5(D„) (resp. 5(D^)). It is easy 
to see that r'^| SL (2) does not have a nontrivial right SL2(Z„)-invariant vector for a nonarchimedean 
place v. Consider the embedding from SL2(Z„) into K(iV)^ cv via 



SL 2 3 



b 

d 




G Sp 2 



(5.2) 



If r' v \sp 2 has a right K(A r )|f v -invariant (or K(iY)Jf v -invariant) vector, then r'JsL 2 nas a nontriv- 
ial right SL2(2^)-invariant vector which gives a contradiction. Therefore r'1\s P2 does not have a 
right K(./V)^ ov -invariant (or K(A^)Jf v -invariant) vector. Therefore we can conclude that there are no 
contributions of weak endoscopic lifts to H a+b+3,0 (yr) for any inadmissible T, since there is no 
holomorphic weak endoscopic lift associated to {iti,it2) which has a right T(A)-invariant vector. 
Furthermore in some case (cf. T = K(ll) lov and a = b = 0), V r tends to have the Hodge type (foTTT) . 

In [55], we gave a conjecture for holomorphic parts of Siegel threefolds. It can be generalized as 
follows. This is also along the vein of Arthur's conjecture ([2"]. [41]). 



Conjecture 5.1. Letr c GSp 2 
has Hodge numbers: 



be an arithmetic subgroup. Suppose Vr = Gr^f/j^. (Srci Ai,&) 



h a+b+3 '°(Vr) = h u ' a+b+ ' 6 (yr)^0, h a+2 > b+L (V r ) = h b+L > a+2 (V r ) = (5.3) 

with a ^ b ^ 0. Suppose II associated to a component of H aJrb+3 '°(Vr) and U has multiplicity one 
(it is so when h a+b+3 '° = 1). Then, U is a holomorphic Saito-Kurokawa representation. 

This conjecture is true if T is inadmissible. Indeed, according to Proposition 1.5 of Weissauer 
[44], II is concluded to be a CAP representation or a weak endoscopic lift. Since T is inadmissible, U 
can not be a weak endoscopic lift by the above argument. According to Theorem 4.1 of Soudry [38] . 
every CAP representation associated to a Klingen or Borel parabolically induced representation is 
given by a #-lift of an irreducible automorphic representation r of GO(-L&) for a quadratic field L. 
In case that L is a real quadratic field, every automorphic form / of the #-lift has a nonzero Fourier 
coefficient associated to T = l T with detT E — c?l(Q x ) 2 i where d^ is the discriminant of L and 
positive. Hence / is neither holomorphic nor anti-holomorphic. Therefore this CAP representation 
cannot contribute to the / l a + 6 + 3 '° 5 /i°' a+b+3 -parts. In case that L is an imaginary quadratic field, by 
Theorem 6.13, 7.2 of Kashiwara, Vergne [15], the Blattner parameter of the CAP representation 
associated to r is (c + 1, 1) or (c + 2, 2) if the weight of t|gso(l) (identified with a grofiencharacter 
of L) is c. Hence this CAP representation does not contribute to the /i a+b+3 '°-part. Thus, II is a 
holomorphic Saito-Kurokwa representation. 
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